Exponential convergence rates in the L 2 -tail norm and entropy are characterized for the second quantization semigroups by using the corresponding base Dirichlet form. This supplements the well known result on the L 2 -exponential convergence rate of second quantization semigroups. As applications, birth-death type processes on Poisson spaces and the path space of Lévy processes are investigated.
Introduction
Let E be a Polish space with Borel σ-field F . Let µ be a non-trivial σ-finite measure on (E, F ). Let (E 0 , D(E 0 )) be a symmetric Dirichlet form on L 2 (µ). Consider the configuration space Γ := γ = where δ x is the Dirac measure at x and ∅ is regarded as the zero measure 0 on E. Let F Γ be the σ-field induced by {γ → γ(A) : A ∈ F }. The Poisson measure with intensity µ, denoted by π µ , is the unique probability measure on (Γ, F Γ ) such that for any disjoint sets A 1 , · · · , A n ∈ F with µ(A i ) < ∞, 1 ≤ i ≤ n,
This measure has the Laplace transform
where γ, f := γ(f ) = E f dγ.
The second quantization of (E 0 , D(E 0 )) is a symmetric conservative Dirichlet form on L 2 (π µ ) given by (see e.g. [13, Lemma 6.3] )
where D e (E 0 ) is the extended domain of E 0 (see [1] ).
Let P 0 t and P t be the semigroups associated to (E 0 , D(E 0 )) on L 2 (µ) and (E , D(E )) on L 2 (π µ ) respectively. We aim to investigate the convergence rate of P t to π µ as t → ∞ by using properties of the base Dirichlet form.
We would like to consider the following three kinds of exponential convergence rates:
(1) Exponential convergence in the L 2 -norm: let λ L be the largest constant such that
where π µ is regarded as a linear operator from L 2 (π µ ) to R by letting π µ (F ) = Γ F dπ µ .
(2) Exponential convergence in the L 2 -tail norm: let λ T be the largest constant such that P t T := lim n→∞ sup πµ(F 2 )≤1 1 {|PtF |≥n} P t F L 2 (πµ) ≤ e −λ T t , t ≥ 0.
(3) Exponential convergence in entropy: let λ E be the largest constant such that π µ ((P t F ) log P t F ) ≤ π µ (F log F )e −λ E t , t ≥ 0, F ≥ 0, π µ (F ) = 1.
The exponential convergence rate in the L 2 -norm is already well described by the exponential decay rate of P 0 t , i.e. (see [8] 
It is well known that λ L,0 is the largest number such that
holds. See [7] and [13] for a criterion of the weak Poincaré inequality for second quantization Dirichlet forms.
Due to the above fact, in this paper we will only consider λ T and λ E . To study these two quantities, we first describe them by using the Dirichlet form.
Since π µ is a probability measure, by [10, Theorem 3.3] for φ ≡ 1 we conclude that λ T is the largest number such that for any
T the defective Poincaré inequality
holds for some constant C 2 > 0. Consequently,
The quantity λ T is also related to the essential spectrum σ ess (L ) of the generator L associated to (E , D(E )). Precisely, we have
and the equality holds provided for some t > 0 the operator P t has an asymptotic density w.r.t. π µ (see [11, Theorem 3.2 
.2]).
Next, it is easy to check that λ E is the largest number such that the L 1 log-Sobolev inequality
We remark that for F ∈ D(E ) with inf F > 0, one has log F ∈ D(E ) so that E (F, log F ) exists.
Finally, we would like to mention that the log-Sobolev inequality introduced in [2] (1.6)
for some constant C > 0 implies that λ E ≥ 4/C (see e.g. [14, Theorem 1.2] ). But it is easy to see that the second quantization Dirichlet form does not satisfy the logSobolev inequality (see [9] and the first page of [12] ). Indeed, given nonnegative function
, applying (1.6) to F (γ) := e γ(f ) and using (1.1) we obtain
Replacing f by log(nf + 1) which is once again in
Letting n → ∞ we arrive at µ(f 2 ) ≤ 0 which is impossible if f is non-trivial.
It is now the place to state our main result of the paper where λ E and λ T are described by using the base Dirichlet form (E 0 , D(E 0 )). Theorem 1.1. We have
To derive the exact value of these two quantities, let us decompose the Dirichlet form E 0 into three parts: the diffusion part, the jump part and the killing part. We will see in the next result that in many cases λ E is determined merely by the killing term.
be a linear subspace, q ≥ 0 be a symmetric measurable function on E × E, and Γ 1 : A × A → L 1 (µ) be a nonnegative definite bilinear map such that
(ii) If f ∈ A and φ : R → R is Lipschitz continuous with
) holds for any φ ∈ C 1 (R) with φ(0) = 0 and any f, g ∈ A .
Consider the following diffusion-jump type quadric form with potential:
. When Γ 1 = 0, q = 0 and W ≡ 1, the framework goes back to [12] where the Poincaré inequality and the L 1 log-Sobolev inequality with constant 1 are proved. The contribution of our next result is to confirm that these inequalities are sharp under a more general framework.
(2) Let Γ 1 = 0 and q = 0, and let µ be finite on bounded sets. If suppµ ∩ {W < ε} is uncountable whenever µ(W < ε) > 0 (it is the case if µ does not have atom), then
To conclude this section, we present below an example to illustrate Corollary 1.2(1).
Example 1.1. Let E be a connected (not necessarily complete) Riemannian manifold and V a locally bounded measurable function. Let µ(dx) = e V (x) dx with dx the volume measure. Then we take A to be the set of all Lipschitz continuous functions on E with compact supports. It is trivial that conditions (i) and (ii) hold and
Then condition (iv) holds. Finally, let ρ(x, y) be the Riemannian distance between x and y. If q(x, y) satisfies
for any compact subset K of E, then (iii) is satisfied. Thus, by Corollary 1.2(1) where the required sequence {f n } n≥1 automatically exists according to the definition of A , we have λ E = ess µ inf W.
In particular, let µ be the Lebesgue measure and E a bounded open domain in R d (it is complete under a compatible metric), a typical choice of q(x, y) such that (1.10) holds is 1 |x−y| α+d−1 for α ∈ [0, 2). Moreover, if E = R d and µ(dx) = dx, then (1.10) holds for this q(x, y) with α ∈ (1, 2).
The remainder of the paper is organized as follows. In Section 2 complete proofs of Theorem 1.1 and Corollary 1.2 are presented; In Section 3 the exponential convergence rates are considered for birth-death type Dirichlet forms on L 2 (π µ ) with a weighted function on Γ × E; and in Section 4 results derived in Section 3 are applied to the path space of Lévy processes by following the line of [12] .
Proofs of Theorem 1.1 and Corollary 1.2
Proof of (1.7). We first remark that for any
, since the function φ(r) := e r − 1 is locally Lipschitz continuous and φ(0) = 0. Therefore, it suffices to show that for any λ > 0, the L 1 log-Sobolev inequality
(a) (2.2) implies (2.1). It suffices to prove (2.1) for F ∈ D(E )∩L ∞ (π µ ) with inf F > 0. In this case we have g γ :=
On the other hand, by the modified log-Sobolev inequality presented in [12, Theorem 1.1] (note that Φ(r) = r log r therein), it holds that
it is not hard to verify that
Combining this with (2.3) and (2.4), we obtain
Moreover, for any ε > 0 one has F + ε ∈ D(E ), inf(F + ε) > 0 and
satisfies φ(0) = 0 and |φ ′ (s)| ≤ 1, we get
Thus, by (2.6) and the dominated convergence theorem we arrive at
Therefore, first applying (2.1) to F + ε then letting ε ↓ 0, we obtain (2.2) from (2.5) and (2.7). In general, for any
Then it is easy to see that
Proof of (1.8) . Since it is well known that
Therefore, it follwos from (2.8) that
This implies that λ T,0 ≥ λ holds for any λ < λ T . Hence, λ T ≤ λ T,0 .
To prove Corollary 1.2, we need the following fundamental lemma. We include a simple proof for completeness.
Lemma 2.1. Let ν be a measure on E such that ν is finite on bounded sets. If there exists a constant
Proof. Since ν is finite on bounded sets and E is separable, there exists a sequence of open sets {G n } n≥1 such that ∪ n≥1 G n = E and ν(G n ) < ∞ for n ≥ 1. Now we fix n ≥ 1. Suppose there are m many different points
Since x i is in the support of ν, we have ν(B i ) > 0 for each i ∈ {1, · · · , m}. Moreover, since
there exists i 0 ∈ {1, · · · , m} such that
This means that for each fixed n ≥ 1 the set suppν ∩ G n is finite, so that suppν is at most countable. The second assertion follows from the same argument by taking G n = E.
Proof of Corollary 1.2 (1)
Therefore, it follows from (1.7) that λ E ≥ ess µ inf W.
On the other hand, let g ∈ A be a fixed nonnegative function. For any n ≥ 1, applying (1.7) to f := 2 log(ng + 1) ∈ A ⊂ D(E 0 ) ∩ L ∞ (µ) and noting that by (iv)
we obtain
Multiplying both sides by 1 n 2 log n and letting n → ∞, by the dominated convergence theorem we arrive at
for µ-a.e. x, y ∈ E and some constant c > 0 since g ∈ L ∞ (µ). Thus, by (iii) and the dominated convergence theorem it follows that
Combining this with (2.9) and using the symmetry of q(x, y) we get
(2.10)
Next, let E n = {f n > 0}. For any n, m ≥ 1, applying (2.10) to g nm :
It follows by letting m → ∞ that
Finally, letting n → ∞ we conclude that µ(g 2 (λ E − W )) ≤ 0 for any nonnegative g ∈ A . Since φ(x) = |x| is Lipschitz continuous with φ(0) = 0, it holds that µ(g 2 (λ E − W )) ≤ 0 for any g ∈ A . Noting that A is dense in L 2 (1 + W )µ , then it is trivial to see that λ E ≤ ess µ inf W . This completes the proof.
Proof of Corollary 1.2 (2)
. Let Γ 1 = 0 and q = 0. Then E 0 (f, g) = µ(W f g). In this case, we have
So, by Theorem 1.1, it suffices to show that λ T,0 ≤ ess µ inf W . If λ T,0 > ess µ inf W then there exist 0 < r < {ess µ inf W } −1 and c > 0 such that
holds. Take ε ∈ (0, r −1 ) such that µ(W < ε) > 0. Let µ ε = 1 {W <ε} µ. Using f 1 {W <ε} to replace f , we obtain from (2.11) that
Thus, according to Lemma 2.1 suppµ ε is at most countable. This is contradictive to the assumption that suppµ ∩ {W < ε} is uncountable.
3 Birth-death type Dirichlet forms on L 2 (π µ )
Let ψ be a nonnegative measurable function on Γ × E such that
Consider the quadric form
According to Propositions 3.3 and 3.4 below, (E ψ , D(E ψ )) is a conservative symmetric Dirichlet form on L 2 (π µ ), which is regular provided µ(ψ µ ) < ∞. Obviously, if ψ(γ, z) does not depend on γ, then E ψ goes back to the second quantization Dirichlet form for
and λ E (ψ) be, respectively, the exponential convergence rates in the L 2 -norm, the L 2 -tail norm and entropy for the semigroup associated to (E ψ , D(E ψ )).
(1) In general, we have
(2) Let µ do not have atom and be finite on bounded sets. Then
Proof.
(1) Let E be the second quantization Dirichlet form for E 0 (f, g) := ess πµ×µ inf ψ µ(f g). Obviously, we have E ψ ≥ E . Combining this with Corollary 1.2 and (1.2) we conclude that
Consequently, it suffices to prove the desired upper bound estimate.
Taking
, we see that the defective Poincaré inequality
Thus, (3.1) for C 2 = 1 (i.e. the Poincaré inequality) implies that
On the other hand, according to (b) in the proof of (1.7), the L 1 log-Sobolev inequality
Hence, by the proof of Corollary 1.2 for W = ψ µ , Γ 1 = 0 and q = 0, we conclude that (3.3) implies λ ≥ (ess µ inf ψ µ ) −1 . This means that λ E (ψ) ≤ ess µ inf ψ µ .
(2) Assume that µ does not have atom and is finite on bounded sets. According to Theorem 1.1, we obtain λ T ≥ λ L,0 = ess πµ×µ inf ψ.
Finally, by Lemma 2.1, (3.2) for any C 2 > 0 implies that C 1 ≥ (ess µ inf ψ µ ) −1 . Now we conclude that λ T (ψ) ≤ ess µ inf ψ µ and the proof is completed.
The remainder of this section devotes to characterizing the form (E ψ , D(E ψ )). To see that it is a Dirichlet form on L 2 (π µ ), we need the following quasi-invariant property of the map γ → γ + δ z .
Proof. We shall make use of the Mecke identity [5] (see also [6] ), i.e.
holds for any measurable function H on Γ × E such that one of the above integrals exists. Applying (3.4) to H(γ, z) = 1 A (γ) and noting that π µ (A) = 0, we obtain
including the family of cylindrical functions
Proof. According to Lemma 3.2, for F, G ∈ D(E ψ ), E ψ (F, G) is finite and does not depend on π µ -versions of F and G. Thus, (E ψ , D(E ψ )) is a well defined positive bilinear form on L 2 (π µ ). Since F C µ is dense in L 2 (π µ ) and the normal contractivity property is trivial by the definition of E ψ , it remains to show D(E ψ ) ⊃ F C µ and the closed property of the form. We prove these two points separately.
(a) Let F ∈ F C µ with
which is well defined in L 2 (π µ ) since γ(K) < ∞ for π µ -a.e. γ ∈ Γ and any compact subset K of E. We intend to show that
, and there exists n ≥ 1 such that
Therefore, it follows from the Fatou lemma that
Combining this with the fact that
The next result provides a criterion for the regularity of the Dirichlet form, which ensures the existence of the associated Markov process according to the Dirichlet form theory (see [1, 4] ). To this end, we first reduce Γ to a locally compact subspace Γ µ . Since Γ is a Polish space such that the set {π µ } of single probability measure is tight, we can choose an increasing sequence {K n } n≥1 consisting of compact subsets of Γ such that π µ (K c n ) ≤ 1/n for any n ≥ 1. Then π µ has full measure on Γ µ := ∪ ∞ n=1 K n , which is a locally compact separable metric space.
is the set of all bounded measurable functions on Γ µ . In particular,
Without loss of generality, we assume furthermore that F n → F π µ -a.e. By Lemma 3.2,
Note that (we do not have to distinguish integrals on Γ µ and Γ since π µ (Γ
Since ψ ∈ L 1 (π µ × µ), by the dominated convergence theorem we obtain
Combining this with π µ (|F n − F | 2 ) → 0, we conclude that
In particular, if µ is locally finite and
Hence, the first assertion follows.
E) and m ≥ 1. By the Schwartz inequality we have
where the last step is due to (3.5) .
On the other hand, using the Mecke identity (3.4) for
we arrive at
and the proof is now completed according to the first assertion.
The path space of Lévy processes
Let X = {X t : t ≥ 0} be the Lévy process on R d starting from 0 with a constant drift b ∈ R d and the Lévy measure ν, which satisfies ν({0}) = 0 and
So, X t is generated by
which is well defined for f ∈ C 2 b (R d ).
Let Λ be the distribution of X, which is a probability measure on the path space To apply the known Poincaré inequality on Poisson space, we follow the line of [12] by constructing the Lévy process using Poisson point processes. Let E = (R d \ {0}) × [0, ∞), which is a Polish space by taking the following complete metric on R d \ {0}:
ρ(x, y) := sup |f (x) − f (y)| : |∇f (z)| ≤ 1 |z| ∨ 1,
Next, let µ = ν × dt, which is finite on bounded subsets of E and does not have atom. Let π µ be the Poisson measure with intensity µ, which is a probability measure on the configuration space
δ (x i ,t i ) : x i ∈ R d \ {0}, t i ∈ [0, ∞), 1 ≤ i ≤ n, n ∈ Z + ∪ {∞} .
Then on the probability space (Γ, F Γ , π µ ), the Lévy process X t can be formulated as (see .2), arguments used in Section 3 also work for (Ẽψ, D(Ẽψ)), Λ andψ in place of (E ψ , D(E ψ )), π µ and ψ respectively. In particular, lettingλ L (ψ),λ T (ψ) andλ E (ψ) be, respectively, the exponential convergence rates in the L 2 -norm, the L 2 -tail norm and entropy for the semigroup associated to (Ẽψ, D(Ẽψ)), we obtain the following result.
